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ON ST. VENANT’S PRINCIPLE IN THE TORSION PROBLEM FOR A LAMINATED CYLINDER

N.K., AKHMEDOV and YU.A. USTINOV

The example of the torsion problem is used to show that, in a radially
inhomogeneous cylinder with alternating hard and soft layers, weakly
damped boundary layer solutions exist. The corresponding elementary
solutions can penetrate quite deeply and essentially change the picture
of the directionally deformed state remote from the end-faces. This in
fact leads to violation of St. Venant's principle and of its classical
statement. On the basis of an asymptotic analysis of the three-dimen-
sional problem, a practical torsion theory is proposed, which adequately
takes account of the singularities that arise. It was shown earlier /1/
that weakly damped boundary layer solutions exist for plates with alter-
nating hard soft layers.

1. Wwe consider the torsion problem for a circular radially inhomogeneous cylinder. The
cylinder is given in cylindrical coordinates by

Q= {r=lre,nl, 810, 2al, z e {0, L]}

The eguation of eguilibrium is

% [6(% — )]+ +6(5 —+)+ 6% =0 (1)
2z

p:-;’-;—, §=-——-, l_—._

Here, u is the tangential component of the displacement vector, and G = G{p) is the
modulus of rigidity, which is regarded as a positive piecewise continuous function.

We assume that the lateral surface is free from stresses, and that boundary conditions
are given on the end-faces.

The general solution of our problem can be written as

U=uy + 21 Uy (P) [“‘438-"“E + Bce"‘ (E..!)l (1'2)
o]
iy = p {Ay + Bob)

Here, u, is the St. Venant solution, A4,, B, are arbitrary constants, ¥, are positive
eigenvalues, and v, are the eigenfunctions of the spectral problem

Sl - )] v 3ol —3) +om=s @9
—‘;—;——%=0 for p=ppp

It can be shown that problem (1.3) is selfadjoint, so that the eigenfunctions satisfy
the orthogonality condition

Py
S popydp =258,
Y

where §, is the Kronecker delta. The constants A4,, B, are found by satisfying the boundary
conditions on the end-faces.

Some of the first numerical values of ¥y, were quoted in /2/ for a homogeneous continuous
and hollow cylinder, whence it follows that the exponential solutions have the nature of a
boundary effect, localized on the end-faces, as is proved by St. Venant's principle, It will
be shown below, by taking the example of a stratified cylinder, that this principle may be
violated, because the individual eigenvalues y, may be quite small.
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2. Let the radially inhomogeneous cylinder consist of alternating hard and soft layers,
numbering n = 2r — 4. We shall assume that the inner and outer layers are hard. Each hard
layer is given the index j==1,2,...,r, and each soft layer the index i=1,2,...,r—1
(numbered from the centre). For simplicity we assume that all the hard and all the soft layers
have the same elastic properties. The moduli of rigidity Gy = Gy; G; = G,. Let 7y be the
outer radius, and rg the inner radius, of the k-th layer; in dimensionless coordinates
they are p;, and pg Yrespectively.

We introduce the parameter p = G,/G, and examine the spectral problem (1.3) as p—0.

Theorem. The spectrum A (p) of problem (1.3) is a denumerable real set and can be
written as

Ap)=A_(») U A9 () U A® (p) @.1)
1) A_(p) consists of the double eigenvalue y, =0 and of 2(r— 1) eigenvalues of the
type
vt = p'my + O (p"3)
where 1, are non-zero eigenvalues of the homogeneous Jacobian algebraic system (C is the Jacobi
matrix)

Cx —?Bx =0 {2.2)
X = (Xp Xor - - .. X)7, B = diag |l by,
& —¢Cn 0o 0... 0 O
c=| Tt im0 00
0 0 0 0 ... —c¢cp Cr
4 __ 4 2 o2
by= 015 " Poj P - 01105, j+1

P — Pl
2) A,®W(p) consists of r sets of eigenvalues of the type
Yit = Yo + O (P) 2.3)

where Yo is the root of the equation
2 G__ _2

L(j) . L
00 YP]] 01

0 4 4 _
R{Y] Lis 'Y’poip 1y ,Lu =0 (24)

3) A (p) consists of r—1 sets of eigenvalues of the type
Vi = Yio + O (P) {2.5)

where 7Yito 1is the root of the equation
Ly® =0 (2.6)

Here,

LG = Ja (Ypox) ¥ 8 (vr) — T5 (v01) ¥ (¥Pox)

and J,, Y, are Bessel functions of the first and second kind.

Since they are laborious, we shall only indicate the general scheme of the proofs of
these results.

In our present case, the cylinder is piecewise-homogeneous in the radial direction, so
that the spectral problem (1.3) reduces to a problem of conjugation, which in turn reduces to
an algebraic system with a matrix whose elements depend analytically on the spectral parameter
¥ and linearly on the parameter p.

The above results are obtained by applying the perturbation theory of linear operators
/3/ to the algebraic system mentioned. It is important to analyse the limit problem. Here,
at p =0, we have two limiting cases: 1) G,— 0, and the modulus of G, is finite, 2) the
modulus of G, is finite, and Gj— oo.

Corresponding to the first case, we have a system of unconnected cylinders (hard layers),
whose cylindrical surfaces are free from stress. The spectrum of the limiting problem is
obviously the union of the sets of eigenvalues of the spectral problems that correspond to the
individual cylinders. Denote these sets of Aj;(0). Each such set consists of the double eigen-
value 7V = 0 and a denumerable set of values 7Yyj0 which are the first terms in (2.3) of
the analytic expansions with respect to the parameter p. For small p3=0 the numbers 7yj
generate A_ (p).

Corresponding to the second limiting case we have a system of r —1 unconnected
cylinders on whose cylindrical surfaces the displacements are zero. Here, the spectrum of
the limiting problem is again the union of r—1 sets of eigenvalues. Each such set A, (0)
consists of the roots yyue of Eq.(2.6).

It follows from the theorem that the elementary solutions corresponding to A_(p) with
small p are weakly damped on moving away from the end-faces, and can give a substantial
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correction to St. Venant's solution. We shall call the set of these solutions the weak boundary
effect. The elementary solutions corresponding to A,® and A®  with small p, are rapidly
{strongly) damped on moving away from the end-faces. We shall call the set of these the
"strong boundary effect".

Let us give the expressions for the eigenfunctions U corresponding to A_{p),  which
describe the displacement distribution over the radius. We have (& is a norma'lizing factor)

v = ¢ [, (p) + O (P 2.7)
Vo ==Xpup, Vio=1p1i — P05, X 2.8
[Xis1, 03 (p — 00/P) — X0 (0 — PR/0)]

3. A simple mechanical interpretation can be given to St. Venant's solution together
with the weak boundary effect.

In our radially inhomogeneous cylinder with alternating hard and soft layers, we shall
assume that the cross-section § = const of a hard layer can only rotate about the cylinder
axis without plane displacement. The displacements of points of the corss-section will then
obvicusly have the form

uy = g; (8p (3.1)

We assume that the displacements in a soft layer in any section § = const as fully
defined by the displacements of the adjacent hard layers, i.e., in accordance with (3.1) and
our method of numbering, we have

us (Prir §) = 812 (BP1ss w: Pois £) = &1 (Blowm
Under this hypothesis, we can write the displacements in the soft layer as
Uy = (i — Por) * [8u41% (0 — P3ifP) — £108: (p — 1/p)] (3.2)

In accordance with (3.1) and (3.2), the stress-strain state in each hard and soft layer
is as follows:

Os) = Grlarss  Bopy==pr1 &S 3.9)
2005

rig* (p?i _p:*) (g3'+1_gi)

Gy == strsi! Bppi ==

The remaining components of the stress and strain tensors are zero.
To obtain the boundary value problem suitable for our model of the stress-strain state,
we use the Lagrange variational principle
I —384 =0 (3.9)
where 84 is the variation of the elementary work of the external forces, and B8Il is the
variation of the strain enexrgy. By {(3.3), we have

1 rPy r=1 Py

M=2ar3{ [ 3§ oneoupdo +3 § ororoipdo | dt (3.5)

0 J=1p, 1] =1 Py

To find 84, we assume e.g., that the following boundary conditions are given on the end-
faces:

us (py 0) =0, 6,5 {p, 1) = 7 (p) (3.6)
_ [ u®): p=ipespyl
T = { 0, p<=lpupul

Regarding 8g; as independent variations (6g; =0 and & =0), we obtain from the
variational Eqg. (3.4}, using (3.3) and (3.6}, a system of differential equations and boundary
conditions which can be conveniently written in vector form (the matrices € and B are the
same as in (2.2)):

—Bg' + pCg =0 3.7

g0)=0,Bg" (Hh=M

g=1{2:8 .- 8), M= (M, My, .... M) (3.8)
PU

My =2nr? S Tpdp
Poj
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If the solution of Eq.(3.7) is sought as
g=—xe%, y==p'm, x=(X;,X,...,X,)T

we arrive at problem (2.2).

Denote by X = (Xy, Xopy . . ., X007 the eigenvectors corresponding to the eigenvalue
M=mn? of problem (2.2) (t=0,1,..., r—1). Since the problem is selfadjoint, they can be
subjected to the condition

(BXg, Xa)=5§|l qung,‘,zG“ (3.9)

It can be shown directly that A, =0 is an eigenvalue, and the corresponding eigenvector
is

%=Xy Xo oo X, Xo=(3 b)) ¢-10)

The general solution of the vector egquation can be written as

r—1

ge=g,+ gl X, [Age Y 4 B WY (3.11)
2, =X, (A + Bef)

where Ay, By, A;, By are arbitrary constants.

If the displacement field corresponding to the vector g¢ is constructed, we obtain on
the basis of (3.1}, (3.2) and (3.11):

u; = Xo (Ay + Bollp

i.e., this particular solution is exactly equivalent to the St. Venant's solution. The stress-
strain state corresponding to the non-zero eigenvalue 1; is the first approximation with
respect to p of the weak boundary effect. The displacement distribution over the radius,
corresponding to y: 5% 0, is given by relations (2.8), which are in complete agreement with
our hypotheses (3.1}, (3.2).

We now find the constants 4, By, 4 By of the boundary conditions (3.8). Substituting
{3.11) into (3.8) and using the orthogonality condition (3.9), we obtain

Ao=07 Boa}(o‘{z M], A(r——e_y‘lBg
=1

r
My
B,= =X N my = .Aﬁxﬁ
Y (4 —e ) Tt

4, cConsider as an example a three-layer cylinder. Here,

Mt = eyt (bu/bia + baw/bas)y Xo = (b F byg) ™
Xip = (by/b10)*'X o, X1 = —(bur/bua) %0
For the cylinGer with parameters py = 0, pyy = 0.5, peg = 0.8, pis== 1, we have ;= 7.62. Hence,

if p=140" then y,=0.762, and if p=10"% then = 0.241. According to /2/, for a con-
tinuous cylinder we have 7v:1==5,136.
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